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Abstract
Anticipating future long-baseline neutrino experiments to search for neutrino
oscillations in various oscillation channels, we have analyzed the atmospheric
neutrino data in the framework of a model with mixing of three massive
neutrino elds that can accommodate the data of solar neutrino experiments.
The oscillations of atmospheric and terrestrial neutrinos are described in this
model by three parameters: m
2
and the squared moduli of two elements








, which determine the amplitudes of
oscillations among all active neutrinos. The results of the analysis of the
atmospheric neutrino data are presented in the form of allowed regions in the
plane of the two parameters oscillation amplitude and m
2
for all oscillation






The question of neutrino mass and mixing is the central issue in modern neutrino physics.
The search for the eects of neutrino mass and mixing and the investigation of the nature
of massive neutrinos (Dirac or Majorana?) may provide an important clue to explore and
understand the physics beyond the standard model.
Important indications in favor of neutrino mixing have emerged from the solar neutrino
data. In all four solar neutrino experiments [1{4], that are sensitive to dierent parts of
the solar neutrino spectrum, the observed event rates are signicantly less than the event
rates predicted by the standard solar model. All the existing solar neutrino data can be
described with the assumption that neutrinos are mixed and the resonant MSW mechanism



























2# ' 8  10
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2# ' 0:8 (large mixing angle solution) : (1.2)
Other indications in favor of neutrino mixing come from the so called atmospheric neu-




is close to 2 and is predicted

































are, respectively, the number of e-like and -like events predicted by MC
simulations, after passing through the same analysis chain as the data under the assumption
that there are no neutrino oscillations.
The atmospheric neutrino anomaly has also been found by the IMB [13] and Soudan
2 [14] experiments. In these experiments the following values of the ratio R have been
obtained:
R = 0:54  0:05  0:12 (IMB) ; (1.5)
R = 0:64  0:17  0:09 (Soudan 2) : (1.6)
On the other hand, no indications in favor of the anomaly were obtained in the Frejus
[15{17] and NUSEX [18] experiments. In these experiments the following values for the ratio
R have been obtained:
R = 0:99 0:13  0:08 (Frejus) ; (1.7)
R = 1:04 0:25 (NUSEX) : (1.8)
2
We also note that no indications in favor of a decit of muon neutrinos were found in the
experiments on the detection of upgoing muons. For the ratio r of the number of observed
-like events to the expected number of events (which is much more model dependent than
the ratio of ratios R) the following values were obtained [19{22]:
r = 1:03  0:04 (IMB) ; (1.9)
r = 0:94  0:06 (Kamiokande) ; (1.10)
r = 1:13 (Baksan) ; (1.11)
r = 0:73  0:16 (MACRO) : (1.12)
The Kamiokande, IMB and Soudan 2 data can be explained by neutrino oscillations.
From the analysis of the Kamiokande data in the simplest case of oscillations between two
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2#  1 (1.13)















2#  1 (1.14)





It is very important to note that the indications in favor of neutrino mixing coming
from the atmospheric neutrino data can be checked in future experiments with terrestrial
neutrinos. At present a wide range of long-baseline experiments with neutrinos from reactors









is under development (see Ref. [23]). In these experiments, dierent neutrino

















with accelerators [25{28]. In the accelerator experiments, neutral-current processes
will also be investigated.
In order to accommodate the solar neutrino data and the atmospheric neutrino anomaly,
corresponding to dierent scales for the neutrino mass squared dierence, one must assume
that the avor neutrino elds are combinations of at least three elds of massive neutrinos.
We will analyze here the atmospheric neutrino data in the framework of a minimal scheme
with three massive neutrinos (see also Ref. [29]). In this scheme the oscillations of atmo-




















We have found that the atmospheric neutrinos data are well described by this model.
In presenting the results of our analysis, we have taken into account the constraints that
follow from reactor and accelerator experiments which have searched for neutrino oscillations.
We have obtained the allowed regions of the oscillation parameters for dierent oscillation
channels that will be investigated in future neutrino long-baseline experiments. The results
of our analysis are presented in the form convenient for a direct comparison with the data
of these experiments.
In Section II we describe briey the model under consideration. In Section III and Section
IV we present the method and the results of the analysis, respectively.
3
II. A MODEL WITH MIXING OF THREE MASSIVE NEUTRINO FIELDS
We assume that the elds of avor neutrinos 
L
(with  = e; ;  ) are superpositions of










( = e; ;  ) ; (2.1)
where 
k
is the eld of a neutrino (Dirac or Majorana) with mass m
k
and U is a unitary
mixing matrix.
The number of massive elds in Eq.(2.1) can range from three to six. It is to be empha-
sized that in most models this number is equal to three. Such mixing can take place if the
neutrino masses are generated by the see-saw mechanism [30], or the neutrino mass term
contains only the left-handed components of the neutrino avor elds, or the total lepton
number is conserved (see, for example, Refs. [31,32]).
In the following we assume that the number of massive elds in Eq.(2.1) is three. We






. The modulus of



























































In order to describe the solar neutrino data and the atmospheric neutrino anomaly, it is








This inequality is in agreement with the assumption of a natural hierarchy of neutrino
masses, which is analogous to the mass hierarchy of quarks.








































































































































































. We will use the
expressions in Eqs.(2.4) and (2.6) for the analysis of atmospheric neutrino data and for the
discussion of future long-baseline experiments.
In the model under consideration all oscillation channels are open and the probabilities
of all possible transitions of atmospheric and terrestrial neutrinos have the same form as
in the case of oscillations between two neutrino types. This is related to the fact that all
the expressions of the transition probabilities depend only on one neutrino mass squared




is the same for all channels. However,
each oscillation channel is characterized by its own amplitude. The oscillation amplitudes































































































= 2 : (2.11)
This relation follows from Eq.(2.5) and the unitarity of the mixing matrix.
III. THE METHOD OF ANALYSIS OF THE DATA
In this section we describe our method of analysis of the experimental data. As a rst
step we have analyzed only the Kamiokande data. Then, we have carried out a combined
analysis of the Kamiokande and Frejus data.
The Kamiokande collaboration has measured the ratio of ratios R in two ranges of
energies: the sub-GeV range with energies of contained events less than 1.33 GeV and the
multi-GeV range with energies of contained and partially contained events more than 1.33








 0:07 (multi-GeV energy range) : (3.2)
The Kamiokande collaboration has also investigated the dependence of the ratio R on the
zenith-angle  ( = 0 corresponds to downward-going neutrinos). Some indications in favor
of a zenith-angle dependence of the ratio R were found in the multi-GeV region.
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The experimental data are divided into 5 bins corresponding to the following aver-
aged values of cos : hcos i
i=1;:::;5
=  0:8 ;  0:4 ; 0:0 ; 0:4 ; 0:8 and the averaged distances
hLi
i=1;:::;5




and the number N
i




















































are, respectively, the number of e-like and -like events predicted











transitions (with ;  = e; ). From Eqs.(3.3) and (3.4),
we obtain the ratio of the ratios R
i
















































In our calculation we take into account 30% errors of the MC calculations of the total
number of e-like and -like events due to the fact that dierent calculations give dierent
neutrino uxes. The errors of the MC calculations of the =e ratio are much smaller: 9%
for the Kamiokande sub-GeV data, 12% for the Kamiokande multi-GeV data and 14% for
the Frejus data. In our calculations we have neglected the fact that not all e-like and -like








) interactions, respectively. The purity of the e-like
and -like events is estimated by the Kamiokande Collaboration to be higher than 90%.
For the t of the sub-GeV Kamiokande data we have used the ratio of ratios given in
Eq.(3.5). For the t of the multi-GeV Kamiokande data and the Frejus data we have used
the number of e-like and -like events given in Eqs.(3.3) and (3.4). The expected numbers






, were taken from Fig.2 of Ref. [10] for the
Kamiokande sub-GeV data, from Fig.3 of Ref. [12] for the Kamiokande multi-GeV data and





















transition probabilities averaged over the neutrino
energy spectrum and the zenith-angles of bin i. These probabilities depend on the value
of m
2




have dierent energy spectra.
These energy spectra are given in Fig.1 of Ref. [11] for the Kamiokande sub-GeV region,
in Fig.2 of Ref. [12] for the Kamiokande multi-GeV region and in Fig.3 of Ref. [15] for the
Frejus experiment, respectively.
Since the expressions (2.4) and (2.6) that we use for the transition and survival prob-
abilities of avor neutrinos are valid in vacuum, we do not consider in our analysis the
Kamiokande multi-GeV data on upward-going neutrinos, for which the matter eect could
be important (see Ref. [34]).
Finally, we would like to emphasize that our analyses take into account the possibility






















are considered separately, leading to two possible
unrelated interpretations of the data.
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IV. RESULTS OF THE ANALYSIS
The results of the analysis of the Kamiokande data in the framework of the model with
oscillations among three neutrino avors discussed in Section II are presented in Figs.1{4.




= 3:2 at m
2












= 0:62 (with a
condence level (CL) of 92%). In the gures we present the results of our analysis in terms














. We have also shown the forbidden regions (on the right of the
corresponding curves) that were found from the analysis of the data from the Bugey [35] and
Krasnoyarsk [36] reactor experiments and the region of sensitivity of the future CHOOZ [24]







plane that is allowed by the Kamiokande atmospheric neutrino data will be investigated by
future long-baseline reactor experiments.

















& 0:5) are allowed
by the results of this experiment. The regions of sensitivity of the future BNL E889 [26],
MINOS [27] and KEK{Super-Kamiokande [25] long-baseline experiments are also shown.








ing the Kamiokande-allowed region, will be investigated in future long-baseline accelerator
disappearance experiments.








in Fig.3. In this gure we have also shown the regions that are forbidden by the results
of the Bugey and Krasnoyarsk reactor experiments and the regions of sensitivity of the











). Finally, in Fig.4 we present the results of our calculations of the







. As can be seen




oscillations from zero to one and














are allowed by the Kamiokande atmospheric neutrino data. For a neutrino energy E '




. 4500Km : (4.2)




oscillations could be observed with the long-baseline
neutrino oscillation experiments now under preparation at CERN and FNAL with detectors
placed in the Gran Sasso Laboratory and in the Soudan Mine, at a distance of about 730 Km
from the corresponding neutrino source. The best t of the Kamiokande data corresponds
to L
osc
' 1400Km. Thus, a large fraction of the charged-current events in long-baseline
experiments could be events in which  is produced.
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forbidden by the data of the CDHS experiment [37] in which 

disappearance was searched
for. It can be seen that this forbidden region is far away from the region allowed by the
Kamiokande data.
Up to now we have discussed the results of the analysis of the data of the Kamiokande
experiment. It is interesting to see what happens to the quality of the t as well as to the
allowed regions if we make a combined analysis of the Kamiokande data, which indicate
neutrino oscillation eects, and the Frejus data, which are not in contradiction with the
absence of neutrino oscillations.
We have found that the Kamiokande and Frejus data can simultaneously be explained
in the framework of our three parameters model with mixing among three neutrinos. For
18 degrees of freedom we obtained 
2
min
= 22 at m
2













= 0:23 (with a CL of 22%). The results of the combined t are presented in
Figs.5{8. In each of these gures we have shown the regions in the plane of two parameters
which is allowed both by Kamiokande and Frejus data at 90% CL. We have also shown the
regions forbidden by the data of the reactor and accelerator experiments and the regions of
sensitivity of the future long-baseline experiments.
V. CONCLUSIONS
A wide range of reactor and accelerator long-baseline neutrino experiments which will









a broad range of oscillation amplitudes is at present under development at Fermilab, CERN
and other laboratories. Taking into account these new possibilities for the investigation of
the Pontecorvo neutrino mixing, we have presented here the results of an analysis of the data
of the underground experiments on the detection of the atmospheric neutrinos, in some of
which (Kamiokande, IMB, Soudan 2) positive indications in favor of neutrino oscillations
with were found.
The analysis has been carried out by using the framework of a model with mixing of three
massive neutrino elds which permit simultaneous oscillations among all active neutrinos.
We have assumed that there are two scales of neutrino mass squared dierence which can




) and the atmospheric




). In this model all oscillation channels





and the oscillation amplitudes in dierent channels are determined by








. Due to the unitarity of the mixing matrix, dierent
oscillation amplitudes are connected by the relations (2.9){(2.11).
The results of the analysis of the atmospheric neutrino data are presented in the form
of plots in the plane of the two parameters oscillation amplitude and m
2
. In our analysis

















the gures we have also presented the limits that were obtained in reactor and accelerator
experiments searching for neutrino oscillations as well as the regions in dierent oscillation
channels that will be investigated in future long-baseline experiments. The results of the
analysis of the Kamiokande data are shown in Figs.1{4 and those of the combined analysis
8
of the Kamiokande and Frejus data are shown in Figs.5{8.
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allowed at 90% CL by the Kamiokande
data (within the two solid lines). The regions on the right of the dashed and dotted lines are
forbidden by the results of the Bugey and Krasnoyarsk experiments, respectively. The dash-dotted
line indicates the sensitivity of the future long-baseline CHOOZ experiment.







allowed at 90% CL by the Kamiokande
data (within the solid line). The region on the right of the short-dashed line is forbidden by
the results of the CDHS experiment. The dash-dotted, dash-dot-dotted and long-dashed lines
indicate the sensitivity of the future long-baseline BNL E889, MINOS and KEK{Super-Kamiokande
experiments, respectively.







allowed at 90% CL by the Kamiokande
data (within the two solid lines). The regions on the right of the dashed and dotted lines are
forbidden by the results of the Bugey and Krasnoyarsk experiments, respectively. The dash-dotted,
dash-dot-dotted and long-dashed lines indicate the sensitivity of the future long-baseline ICARUS,
MINOS and KEK{Super-Kamiokande experiments, respectively.







allowed at 90% CL by the Kamiokande
data (within the two solid lines). The region on the right of the short-dashed line is forbidden
by the results of the CDHS experiment. The dash-dotted and dash-dot-dotted lines indicate the
sensitivity of the future long-baseline ICARUS and MINOS experiments, respectively.







allowed at 90% CL by the Kamiokande and
Frejus data (within the solid line). The regions on the right of the dashed and dotted lines are
forbidden by the results of the Bugey and Krasnoyarsk experiments, respectively. The dash-dotted
line indicates the sensitivity of the future long-baseline CHOOZ experiment.







allowed at 90% CL by the Kamiokande and
Frejus data (within the solid line). The region on the right of the short-dashed line is forbidden
by the results of the CDHS experiment. The dash-dotted, dash-dot-dotted and long-dashed lines
indicate the sensitivity of the future long-baseline BNL E889, MINOS and KEK{Super-Kamiokande
experiments, respectively.







allowed at 90% CL by the Kamiokande and
Frejus data (within the solid line). The regions on the right of the dashed and dotted lines are
forbidden by the results of the Bugey and Krasnoyarsk experiments, respectively. The dash-dotted,
dash-dot-dotted and long-dashed lines indicate the sensitivity of the future long-baseline ICARUS,
MINOS and KEK{Super-Kamiokande experiments, respectively.
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allowed at 90% CL by the Kamiokande and
Frejus data (within the solid line). The region on the right of the short-dashed line is forbidden
by the results of the CDHS experiment. The dash-dotted and dash-dot-dotted lines indicate the
sensitivity of the future long-baseline ICARUS and MINOS experiments, respectively.
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